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1. INTRODUCTION

We determine relations between the Euler obstruction of a map f and the Chern ob-
struction of a collection of 1-forms associated to f . We obtain explicit applications in
singularity theory.

On one hand, in [10], Grulha defines a generalization of the Euler obstruction of a
holomorphic function to the case of a map-germ f : (V, 0) → (Cp, 0) where (V, 0) is the
germ of a reduced equidimensional complex analytic variety of dimension d ≥ p. The main
result in that paper is a formula that computes the Euler obstruction of f in terms of the
Euler obstruction for p-frames as defined by Brasselet, Seade and Suwa in [3].

On the other hand, Ebeling and Gusein-Zade introduced in [4] the notion of Chern
obstruction for singular spaces using collections of differential 1-forms. This number is well
defined for any germ of reduced equidimensional complex analytic space, and the authors
provide a formula for the Chern obstruction in terms of intersection number.

One of the main results of the present paper is that the Euler obstruction of a map can
be written as a Chern obstruction, therefore as an intersection multiplicity.
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A related result is due to Gaffney and Grulha [9], who compute the Chern obstruction
of a collection of 1-forms on a variety with isolated singularity, using the Multiplicity Polar
Theorem. That generalizes previous results by Gaffney [7].

In the last section we provide applications of our results for some classical questions in
singularity theory, such as counting singular points of a generic perturbation of equidimen-
sional map germs.

2. DEFINITIONS

2.1. Nash Modification

The Grassmann manifold of d-planes in Cm is denoted by G(d,m). Let (V, 0) ⊂ (Cm, 0)
be the germ of a complex analytic variety, equidimensional of complex dimension d. We
denote by G the fiber bundle in TCm, whose fiber Gx at x ∈ Cm is the set of d-planes of
TxCm, isomorphic to G(d,m). An element of G is a pair (x, P ) where x ∈ Cm and P ∈ Gx.
On the regular part of V , one can define the Gauss map φ : Vreg → G as follows:

φ(x) = (x, TxVreg).

G

²²
Vreg //

φ

<<zzzzzzzz
Cm

Definition 2.1. The Nash modification of V denoted by Ṽ is defined as the closure
of the image of φ inside G.

Let T be the tautological fiber bundle on G. The Nash bundle T̃ with base Ṽ is the
restriction of T on Ṽ , so we have the diagram:

T̃ ↪→ T
↓ ↓
Ṽ ↪→ G
ν ↓ ↓ ν
V ↪→ Cm

An element of T is a triple (x, P, v) where x ∈ Cm, P ∈ Gx and v ∈ P.

2.2. The Euler obstruction of a p-frame

Let us fix an integer p, 1 ≤ p ≤ d. One says that a collection v(p) = {v1, . . . , vp} of p
vector fields is a p-frame if the vector fields are C-linearly independent. The point x is a
singular point for v(p) if the collection v(p)(x) fails to be linearly independent.

Let us denote by {Vα} a Whitney stratification of Cm compatible with V , i.e. Cm \ V
is a stratum. Let (K) be a triangulation of Cm subordinated to the stratification {Vα},
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and (D) a cell decomposition of Cm dual to (K). Let us denote by σ a (D)-cell of (real)
dimension 2(m− p + 1). The cell σ is transverse to all strata of {Vα}.

A stratified vector field v in a subset A ⊂ Cm is a vector field such that if x ∈ A ∩ Vα,
then v(x) ∈ TxVα. One says that the p-frame v(p) = {v1, . . . , vp} is stratified if each vector
field vi is a stratified vector field.

Let v(p) be a stratified p-frame in σ ∩ V with an isolated singularity at the barycenter
of σ. The p-frame v(p) does not have singularities on ∂σ ∩ V . Let ν : Ṽ → V be the Nash
modification of V and T̃ the Nash bundle. Each component vi of v(p) admits a lift ṽi as
a section of T̃ on ν−1(∂σ ∩ V ) [2]. The p-frame v(p) lifts up as a set ṽ(p) of p linearly
independent sections of T̃ on ν−1(∂σ ∩ V ).

Let us denote by

Obs(ṽ(p), σ ∩ V ) ∈ H2(d−p+1)(ν−1(σ ∩ V ), (ν−1(∂σ ∩ V )))

the class of the obstruction cocycle to extending ṽ(p) as a set of p linearly independent
sections of T̃ on ν−1(σ ∩ V ).

Definition 2.2. (Original definition, see [3]) Let σ be a 2(m− p + 1)-dimensional cell
and v(p) a stratified p-frame defined on σ∩V , with an isolated singularity at the barycenter
a of σ. The local Euler obstruction of v(p) at a, denoted by Eu(v(p), V, σ) is defined as the
evaluation of the obstruction cocycle Obs(ṽ(p), σ ∩ V ) on the fundamental class of the pair
(ν−1(σ ∩ V ), ν−1(∂σ ∩ V )). That is,

Eu(v(p), V, σ) = 〈Obs(ṽ(p), σ ∩ V ), [ν−1(σ ∩ V ), ν−1(∂σ ∩ V )]〉.

Definition 2.3. Let {ωj}, j = 1, . . . , p be a collection of 1-forms. The local Euler
obstruction Eu({ωj}, V, σ) of the collection is defined in a similar way, but now we take
sections of the dual Nash bundle T̃ ∗.

2.3. Euler obstruction of a map

Let us consider a germ of analytic map f : (V, 0) → (Cp, 0), restriction of F : (U, 0) →
(Cp, 0), where U is a neighborhood of 0 in Cm. We denote f(x) = (f1(x), f2(x), ..., fp(x))
and F (x) = (F1(x), F2(x), ..., Fp(x)).

Following [1] let us denote by ∇Fi(x) =
(

∂Fi

∂x1
(x), ...,

∂Fi

∂xn
(x)

)
the vector field associated

to Fi on U , where the bar means that we take the complex conjugate vector field. Let us
consider x ∈ V \{0} and denote by Vα the stratum containing x. The kernel ker(dFi(x)) is
transverse to Tx(Vα). We have, for x ∈ V \{0}:

Angle〈∇Fi(x), Tx(Vα)〉π/2.
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Therefore the orthogonal projection of ∇Fi(x) on Tx(Vα) does not vanish, we denote it by
∇V fi(x). The construction can be done in such a way that the vector fields

(∇V f1(x),∇V f2(x), . . . ,∇V fp(x))

are linearly independent (see [10]).
One obtains a stratified p-frame denoted by ∇(p)

V f , without singularity on (∂Bε ∩ V \
{Σf}), where Bε is a sufficiently small ball in Cm centered at 0 and Σf the singular set of
f .

The definition of the local Euler obstruction of a map at a singular point, given in [10],
depends on the choice of a 2(m−p+1)-cell σ satisfying the following condition (δ). We will
prove later on that the condition (δ) is a generic one and that the local Euler obstruction
of the map does not depend on the (generic) choice of the cell σ.

Definition 2.4. Let (V, 0) ⊂ (Cm, 0) be the germ of an analytic variety and f :
(V, 0) → (Cp, 0) an analytic germ with singular set Σf . One says that f satisfies the (δ)
condition if there exists a cell σ of barycenter 0, of real dimension 2(m−p+1) of a cellular
decomposition (D) of Cm, such that :

(δ) Σf ∩ ∂σ = ∅.

If f satisfies the (δ) condition for the cell σ, the p-frame ∇(p)

V f can be lifted up as a

set of p linearly independent sections ∇̃
(p)

V f of T̃ on ν−1(V σ) where V σ = V ∩ σ. Let us

denote by ξ ∈ H2(d−p+1)(ν−1(V σ), ν−1(∂V σ)) the obstruction cocycle to extend ∇̃
(p)

V f as
a set of p linearly independent sections of T̃ on ν−1(V σ).

Definition 2.5. In the above situation one can define the Euler obstruction of f
relatively to σ, denoted by Euf,V (σ), as the evaluation of the cocycle ξ on the fundamental
class of the pair (ν−1(V σ), ν−1(∂V σ)). That means

Euf,V (σ) = 〈ξ, [ν−1(V σ), ν−1(∂V σ)]〉.

2.4. Local Chern obstruction of collections of 1-forms and special points.

In this section we recall some ideas and notations from W. Ebeling and S. M. Gusein-Zade
about indices of collections of 1-forms [4, 5].

The notion of local Chern obstruction extends the notion of local Euler obstruction in the
case of collections of germs of 1-forms. More precisely, W. Ebeling and S. M. Gusein-Zade
perfom the following construction.

Let (V, 0) ⊂ (Cm, 0) be the germ of a purely d-dimensional reduced complex analytic
variety at the origin. Let {ω(i)

j } be a collection of germs of 1-forms on (Cm, 0) such that
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i = 1, . . . , s; j = 1, . . . , d−ki +1, where the ki are non-negative integers with
∑s

i=1 ki = d.
Let ε > 0 be small enough so that there is a representative V of the germ (V, 0) and
representatives {ω(i)

j } of the germs of 1-forms inside the ball Bε(0) ⊂ Cm.

Definition 2.6. For a fixed i, the locus of the sub-collection {ω(i)
j } is the set of points

x ∈ V such that there exists a sequence xn of points from the non-singular part Vreg of
the variety V such that the sequence Txn

Vreg of the tangent spaces at the points xn has a
limit L (in G(d,m)) and the restrictions of the 1-forms ω

(i)
1 , . . . , ω

(i)
d−ki+1 to the subspace

L ⊂ TxCm are linearly dependent.

Definition 2.7. A point x ∈ V is called a special point of the collection {ω(i)
j } if

it is in the intersection of the loci of the sub-collections {ω(i)
j } for each i = 1, . . . , s. The

collection {ω(i)
j } of 1-forms has an isolated special point at {0} if it has no special point

on V in a punctured neighborhood of the origin.

Notice that in Definition 1.7, for each fixed i, we require each sub-collection {ω(i)
j } to be

linearly dependent when restricted to the same limit plane. Notice also, that if an element
of the collection has less than maximal rank at a point, then it is linearly dependent on all
planes passing through the point.

Let {ω(i)
j } be a collection of germs of 1-forms on (V, 0) with an isolated special point at

the origin. Let ν : Ṽ → V be the Nash transformation of the variety V and T̃ the Nash
bundle. The collection of 1-forms {ω(i)

j } gives rise to a section Γ(ω) of the bundle

T̃ =
s⊕

i=1

d−ki+1⊕

j=1

T̃ ∗i,j

where T̃ ∗i,j are copies of the dual Nash bundle T̃ ∗ over the Nash transformation Ṽ .

Let D ⊂ T̃ be the set of pairs (x, {α(i)
j }) where x ∈ Ṽ and the collection of 1-forms {α(i)

j }
is such that α

(i)
1 , . . . , α

(i)
n−ki+1 are linearly dependent for each i = 1, . . . , s.

Definition 2.8. Let 0 be a special point of the collection {ω(i)
j }. The local Chern

obstruction ChV,0{ω(i)
j } of the collection of germs of 1-forms {ω(i)

j } on (V, 0) at the origin is
the obstruction to extend the section Γ(ω) of the fibre bundle T̃\D→ Ṽ from ν−1(V ∩Sε)
to ν−1(V ∩Bε).

We can see that we have the correct obstruction dimension as follows. For each T̃i =⊕d−ki+1
j=1 T̃ ∗i,j let Di ⊂ T̃i be the set of pairs (x, {α(i)

j }) where x ∈ Ṽ and the collection {α(i)
j }

are such that α
(i)
1 , . . . , α

(i)
d−ki+1 are linearly dependent. Then, the set T̃i \ Di is a Stiefel

manifold, with associated obstruction dimension equal to ki, therefore the obstruction
dimension for T̃ is

∑
ki = d.
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The following result is a consequence of Proposition 3.3 of [5].

Proposition 2.1. Let (V, 0) ⊂ (Cm, 0) be the germ of a purely d-dimensional reduced
complex analytic variety at the origin. Let {ω(i)

j } be a collection of germs of 1-forms on
(Cm, 0) such that i = 1, . . . , s; j = 1, . . . , d− ki + 1, where the ki are non-negative integers
with

∑s
i=1 ki = d. Let 0 be an isolated special point for the collection. If ω(i), i = 2, . . . , s

are generic collections of linear forms, then the number ChV,0{ω(i)
j } does not depend on

the choice of the sub-collections ω(i), i = 2, . . . , s.

3. RESULTS

Let V be a complex analytic equidimensional reduced variety in Cm, dimC V = d, and
f : (V, 0) → (Cp, 0), 1 ≤ p ≤ d, a map-germ defined on V.

In what follows we adapt the definition of the Euler obstruction of a map (Definition 2.5)
in the context of collections of 1-forms.

Let us denote by dfi the 1-form dual to the vector field ∇(i)

V f . In the same way as
above, if f satisfies the condition (δ) for the cell σ, the 1-forms dfi can be lifted as linearly
independent sections d̃fi of T̃ ∗ over ν−1(∂V σ). Let ξ∗ ∈ H2(d−p+1)(ν−1(V σ), ν−1(∂V σ))
be the obstruction cocycle for the extension of the d̃fi as a set of p linearly independent
sections of T̃ ∗ over ν−1(V σ).

Definition 3.1. One denotes by Eu∗f,V (σ), the evaluation of the cocycle ξ∗ over the
fundamental class of (ν−1(V σ), ν−1(∂V σ)). That is,

Eu∗f,V (σ) = 〈ξ∗, [ν−1(V σ), ν−1(∂V σ)]〉.

In the next theorem we use the definition of the Euler obstruction to show a product
formula type. For that, let us explicit the local product structure in Cm. Let (K) be a
triangulation and (D) the dual cell decomposition as above (section 2.2). Let us assume
that {0} is the barycenter of a 2k-simplex τ of the triangulation (K). The simplex τ is
included in a stratum. The dual cell σ is a 2(m − k)-cell transverse to the strata and
dim(σ ∩ V ) = 2(d− k). A neighborhood of 0 in Cm is homeomorphic to σ× τ and one has

(σ × τ) ∩ V ∼= V ∩Bε.

We denote by p1 and p2 the projections

p1 : (σ × τ) → σ and p2 : (σ × τ) → τ.

In what follows IndPH({ω}, τ, 0) denotes the Poincaré-Hopf index of a collection {ω} of
1-forms on a smooth manifold τ . This definition can be looked as an adaptation of the
M.-H. Schwarz’s definition (see [2]). Using the definition of the local Euler obstruction of
a collection of 1-forms, given in Definition 2.3, one has the following result:
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Theorem 3.1. Let (V, 0) ⊂ (Cm, 0) be the germ of an equidimensional reduced complex
analytic variety at the origin. We assume that {0} is the barycenter of a 2k-simplex τ in
V whose dual cell is denoted by σ. Let {ω(1)

j1
}, j1 = 1, . . . , k− 1 be a collection of germs of

1-forms on σ and {ω(2)
j2
}, j2 = 1, . . . , d− k + 1 a collection of germs of 1-forms on τ . The

collection of 1-forms in (Cm, 0) given by {ω(i)
j } = {p∗1(ω(1)

j1
), p∗2(ω

(2)
j2

)} satisfies

ChV,0{ω(i)
j } = Eu({ω(1)}, V, σ)× IndPH({ω(2)}, τ, 0).

Proof. Using the notation k1 = d−k and k2 = k, we consider {ω(1)
j1
}, j1 = 1, . . . , d−k1+1

a collection of germs of 1-forms on σ, and {ω(2)
j2
}, j2 = 1, . . . , d − k2 + 1 a collection of

germs of 1-forms on τ . The collections p∗i ({ω(i)
ji
}), i = 1, 2 are sections of T̃ ∗i,ji

respectively
on σ × τ . The collection

{ω(i)
j } = {p∗1(ω(1)

j1
), p∗2(ω

(2)
j2

)}
is a section of

T̃ = T̃1

⊕
T̃2

where

T̃i =
d−ki+1⊕

ji=1

T̃ ∗i,ji
.

The relations which define the subset D split into relations on each of the T̃i. More
precisely, let us define Di ⊂ T̃i as the set of pairs (x, {α(i)

j }) where x ∈ Ṽ and the collection

{α(i)
j } is such that α

(i)
1 , · · · , α

(i)
d−ki+1 are linearly dependent. Then one has:

T̃ \ D =
(
T̃1 \ D1

) ⊕ (
T̃2 \ D2

)

The collection {ω(i)
j } gives rise to a section of T̃ \ D, as above which splits into two

independent sections of T̃i \ Di.
Each T̃i \Di is a Stiefel manifold of d−ki +1 frames in Cd. The obstruction to construct

linearly independent d− ki + 1 sections of T̃i lies in (real) dimension 2ki.
The obstruction cocycle defined by the collection {ω(i)

j } in the cohomology of T̃ \ D
is the cup product of the obstruction cocycles defined by the collections p∗1({ω(1)

j1
}) and

p∗2({ω(2)
j2
}).

The Chern obstruction ChV,0{ω(i)
j } is the evaluation of the cocycle {ω(i)

j } on the funda-
mental class of the pair (ν−1(V ∩ Bε), ν−1(V ∩ Sε)). To simplify notation, we will denote
this evaluation by 〈{ω(i)

j }, V ∩Bε〉.
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One has:

ChV,0{ω(i)
j } = 〈{ω(i)

j }, (σ × τ) ∩ V 〉

=
〈(

p∗1({ω(1)
j1
}), p∗2({ω(2)

j2
})

)
, (σ × τ) ∩ V

〉

= 〈{ω(1)
j1
}, p1((σ × τ) ∩ V )〉 × 〈{ω(2)

j2
}, p2((σ × τ) ∩ V )〉

= 〈{ω(1)
j1
}, σ ∩ V 〉 × 〈{ω(2)

j2
}, τ〉 = Eu({ω(1)

j1
}, V, σ)× Eu({ω(2)

j2
}, V, τ).

But τ ∩ V = τ is smooth and one has Eu({ω(2)
j2
}, V, τ) = IndPH({ω(2)

j2
}, τ, 0).

Corollary 3.1. Let (V, 0) be as above and f : (V, 0) → (Cp, 0) a map-germ defined on
V . There exists a collection {ω(i)

j } such that

Eu∗f,V (σ) = ChV,0{ω(i)
j }.

Proof. We use the previous notations. Let us denote by σ̂ the map σ̂ : Cm → Cp−1

which defines σ. Then ker σ̂ is the tangent space to σ at 0.
Let us consider the partition d = k1 + k2 with k1 = d − p + 1 and consider the collec-

tion {ω(1), ω(2)} where {ω(1)} = {df1, . . . , dfp} and {ω(2)} = {l1, . . . , ld−p+2} where for j =
1, . . . , d−p+1, lj are d−p+1 linearly independent forms dual to the tangent frame to σ and
ln−p+2 is dual to the radial field on τ , that is ln−p+2 is the radial form defined in [6]. The re-
sult follows from Theorem 3.1.

Theorem 3.2. Let (V, 0) as above and f : (V, 0) → (Cp, 0) be a map-germ defined on
V . One has

Euf,V (σ) = (−1)d−p+1 Eu∗f,V (σ).

Proof. By Corollary 3.1 we have Eu∗f,V (σ) = ChV,0{ω(i)
j }, but ChV,0{ω(i)

j } is the number

of (non-degenerate) special points x0 of a generic perturbation of {ω(i)
j } (see [5]). For each

x0, let us denote by σ0 the intersection of σ with a sufficiently small ball in Cm centered
in x0.

According to the choice of {ω(2)} in Corollary 3.1 we can assume that the points {x0}
are the non-degenerate special points of {ω(i)

j }. In this case, it is sufficient to prove that
Euf,V (σ0) = (−1)d−p+1 for each x0.

Let us denote by H the singular locus of {ω(2)} and assume that H = σ ∩ V , where σ
is a cell of dimension 2(m − p + 1) transverse to V out of the origin. By a transversality
argument we can suppose that the point x0 is on the regular part of V . In this case we
know by [10] that Euf,V (σ0) = (−1)d−p+1µ(fp |H).
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Now, x0 is in the regular stratum of Σf , it means the stratum of the fold type points,
therefore fp |H is equivalent to a Morse function. In this case we have µ(fp |H) = 1, there-
fore Euf,V (σ0) = (−1)d−p+1.

In the next proposition we show that, for a generic choice of the cell σ, the Euler ob-
struction Euf,V (σ) of the map f : (V, 0) → (Cp, 0) does not depend on the choice of the
cell.

Corollary 3.2. Let f : (V, 0) → (Cp, 0) and the cell σ as above. The Euler obstruction
of the map f is independent of a generic choice of σ. We denote it by Euf,V (0).

Proof. This is a consequence of Proposition 2.1, Corollary 3.1 and Theorem 3.2.

Let us denote by Dp
V ⊂ Cm × Lp the closure of the set of pairs (x, {l(i)j }) such that

x ∈ Vreg and the restrictions of the linear forms l
(i)
1 , . . . , l

(i)
n−ki+1 to TxVreg ⊂ Cm are

linearly dependent for each i = 1, . . . , s.

Corollary 3.3. Let Γ(ω) be the section of T̃ defined by the forms {ω(i)
j }. The Euler

obstruction is equal to the intersection number

Eu∗f,V (0) = Γ(ω) ◦ Dp
V .

Proof. This follows from Corollary 3.1 and the fact that the Chern number can be char-
acterized as the intersection number Γ(ω) ◦ Dp

V (see [5]).

4. APPLICATIONS

Ebeling and Gusein-Zade in [4] show that the Chern number of a collection of 1-forms
is the number of special points of a generic perturbation on the regular part of V ; they
obtain a formula that computes this number when V is an ICIS. In [9], a formula in terms
of the multiplicity of pairs of modules is obtained, for any V with isolated singularity not
necessarily ICIS.

Let us consider (V, 0) ⊂ (Cm, 0) a reduced equidimensional analytic variety and f :
(V, 0) → Cp a generic projection. The closure Σf of the singular set of the restriction of
f to the regular part of V, is the d − p + 1-polar variety of V denoted by Pd−p+1(V ) and
whose multiplicity at 0 is denoted by md−p+1(V, 0).

The Chern number is closely related with the notion of polar multiplicity. This is the
aim of the next theorem.

Theorem 4.1. Let (V, 0) ⊂ (Cm, 0) be a reduced equidimensional analytic variety and
f : (V, 0) → Cp a generic projection. Let {ω(i)

j } be a collection of germs of 1-forms

on (Cm, 0) such that {ω(1)} = {df1, . . . , dfp} and one has generic sub-collections {ω(i)
j },
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i = 2, . . . , s; j = 1, . . . , d−ki+1, where the ki are non-negative integers with
∑s

i=2 ki = p−1.
Then we have

ChV,0{ω(i)
j } = md−p+1(V, 0).

Proof. Let us suppose that we have only two sub-collections (Proposition 2.1). As we
have {ω(1)} = {df1, . . . , dfp} and {ω(2)} a generic collection with the convenient number of
generic 1−forms, it follows from [5] that when the singular locus (Definition 2.6) of these
two sub-collections are in general position, the Chern obstruction is the number of special
points. That is the multiplicity of the locus of {ω(1)}, which coincides with the multiplicity
of Pd−p+1(V ).

Proposition 4.1. Let f : (C2, 0) → (C2, 0) be a finitely determined map germ. Let us
take {ω(i)

j } = {ω(1), ω(2)} where we have {ω(1)} = {df1, df2} and {ω(2)} = {df1, d∆}, where
d∆ is the determinant of the jacobian matrix of f . In this case

ChC2,0 {ω(i)
j } = c(f),

where c(f) is the number of cusps of a generic perturbation of f .

Proof. On one hand let us denote by M the 3 × 2-matrix with rows df1, df2 and d∆.
If we denote by I the ideal generated by the determinants of the 2 × 2 minors of M , we
know by [8] that

c(f) = dimCOC2/I.

On the other hand, from Theorem 2.2 of [4] and Corollary 3 of [5], we also have

ChC2,0 {ω(i)
j } = dimCOC2/I.

The is complete.

Theorem 4.2. Let f : (Cn, 0) → (Cn, 0) be a finitely determined map germ. Let us take
{ω(i)

j } = {ω(1), ω(2), ω(3)} where {ω(1)} = {df1, df2, . . . , dfn}, {ω(2)} = {df1, . . . , dfn−1, d∆}
and {ω(3)} a generic collection, where d∆ is the determinant of the jacobian matrix of f .
In this case ChCn,0 {ω(i)

j } is the multiplicity of the cuspidal variety at the origin.

Proof. The subset

locus{ω(1)} ∩ locus{ω(2)}
is equal to the set of points where {df1, df2, . . . , dfn} and {df1, . . . , dfn−1, d∆} are linearly
dependent. This set coincides with the variety defined by the ideal I generated by the de-
terminants of the n×n minors of the matrix M , where M is the (n+1)×n-matrix with rows
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df1, . . . , dfn and d∆. The variety associated to the ideal I is the cuspidal set of f . It means
that, if we take {ω(3)} sufficiently generic then ChCn,0 {ω(i)

j } is the multiplicity of the cuspi-
dal variety at the origin.

Let denote the standard orthonormal basis of Cn by {e1, e2, . . . , en} and the dual basis of
(Cn)∗ by {e∗1, e∗2, . . . , e∗n}. Let An be the 0-stable singularity f(x, y) = (x, yn+1+

∑n−1
1 xiy

i)
with x = (x1, . . . xn−1).

Theorem 4.3. Let f : (Cn, 0) → (Cn, 0) be a finitely determined corank 1 map-germ,
f(x, y) = (x1, . . . , xn−1, g(x, y)), where x = (x1, . . . , xn−1). Let us take

{ω(i)
j } = {ω(1), ω(2), . . . , ω(n)}

with {ω(i)} = {e∗1, e∗2, . . . , e∗n−1, gi} where gi denotes the ith-derivative of g relatively to the
coordinate y. In this case ChCn,0 {ω(i)

j } is the number of singular points of type An in a
generic perturbation of f .

Corollary 4.1. Let f : (C3, 0) → (C3, 0) be a finitely determined corank 1 map-germ,
f(x, y) = (x1, x2, g(x, y)), where x = (x1, x2), let us take {ω(i)

j } = {ω(1), ω(2), ω(3)} where

{ω(i)} = {e∗1, e∗2, gi}. In this case ChC3,0 {ω(i)
j } is the number of swallowtails in a generic

perturbation of f .

Proof. The result follows from the previous Theorem.
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